We develop a stabilized discrete Laplace-Beltrami operator that is used to compute an approximate mean curvature vector which enjoys convergence of order one in L 2 . The stabilization is of gradient jump type and we consider both standard meshed surfaces and so called cut surfaces that are level sets of piecewise linear distance functions. We prove a priori error estimates and verify the theoretical results numerically.
Introduction
Accurate computation of the mean curvature vector on a discrete surface plays an important role in computer graphics and computational geometry, as well as in certain surface evolution problems, see, e.g. [1, 2, 4, 6, 7, 8] .
The mean curvature vector is obtained by letting the Laplace-Beltrami operator act on the embedding of the surface in R 3 and various formulas has been suggested in the literature, see [13] and the references therein. It is known that the standard mean curvature vector based on the finite element discrete Laplace-Beltrami operator for a piecewise linear triangulated smooth surface is of first order in H −1 , while no order of convergence can, in general, be expected in L 2 . Convergence will also not occur in other standard methods, for instance of finite difference type, without restrictive assumptions on the mesh, see [15] . In [10] estimates of order h 1/2 in a H −1/2 type norm, motivated by surface tension applications, is derived for an embedded interface defined by a levelset function. Pointwise convergence results, without any factor of the meshsize, was presented in [12] . In this paper we develop a stabilized version of the discrete Laplace-Beltrami operator. The stabilization consists of adding suitably scaled gradient jumps to the L 2 projection involved in the definition of the standard discrete Laplace-Beltrami operator. The stabilized method produces a mean curvature vector that enjoys first order convergence in L 2 . We consider two different types of piecewise linear approximations of smooth surfaces. The first is the standard unstructured triangulation and the second is a so called cut level set surface, which is the zero level set of a piecewise linear continuous approximation of the distance function defined on a background mesh consisting of tetrahedra. In the cut case an additional stabilization term on the faces of the background mesh plays a crucial role. Such terms were originally proposed and analyzed in [3] . We prove a priori error estimates in the L 2 -norm for both cases and we also illustrate the results with numerical examples. The outline of the remainder of the paper is as follows: In Section 2 we introduce the discrete surface approximations, in Section 3 we define the stabilized mean curvature vector, in Section 4 we develop the theoretical framework and prove the a priori error estimate, and in Section 5 we present numerical results confirming the theoretical estimates.
Meshed and Cut Discrete Surfaces

The Exact Surface
Consider a closed smooth surface Σ ⊂ R 3 with exterior unit normal n. Let ρ be the signed distance function such that ∇ρ = n on Σ and let p(x) = x−ρ(x)n(p(x)) be the closest point mapping. Let U δ (Γ) be the open tubular neighborhood U δ (Γ) = {x ∈ R 3 : |ρ(x)| < δ} for δ > 0 of Σ. Then there is δ 0 > 0 such that the closest point mapping p(x) assigns precisely one point on Σ to each x ∈ U δ 0 (Σ). More precisely, we may choose δ 0 such that
for some constant C > 0. Here κ 1 (x) and κ 2 (x) are the principal curvatures at x ∈ Σ. See [9] , Section 14.6 for further details.
Approximation Properties
We consider families of discrete connected piecewise linear surfaces Σ h ⊂ U δ 0 (Σ), where 0 < h ≤ h 0 is a mesh parameter and h 0 a small enough constant, that satisfy the following approximation properties
Here and below we use the notation to denote less or equal up to a positive constant that is only dependent on given data and, in particular, independent of the mesh parameter h.
We will consider two approaches to construct such piecewise linear surfaces:
• Standard meshed surfaces where the surface consists of shape regular triangles.
• Cut surfaces that are piecewise planar iso-levels of a piecewise linear distance function defined on a background mesh consisting of tetrahedra.
We shall treat meshed and cut surfaces in a unified setting but certain concepts such as the mesh and later the interpolation operator will be constructed in different ways. However, the essential properties needed in the construction of the Laplace-Beltrami operator and in the proof of the error estimate are the same.
Meshed Surface Approximation
•
, be a quasiuniform triangulated surface with mesh parameter 0 < h ≤ h 0 , i.e.,
for all triangles K in the mesh K h . Here Diam(K) is the diameter of K and diam(K) is the diameter of the largest inscribed circle in K.
• Let V h be the space of piecewise linear continuous functions defined on K h .
Cut Surface Approximation
• Let Ω 0 be a polygon that contains U δ 0 (Σ). Let T h,0 be a quasiuniform partition of Ω 0 into shape regular tetrahedra T with mesh parameter 0 < h ≤ h Ω 0 , i.e.,
for all elements T ∈ T h,0 . Let Σ h ⊂ U δ 0 (Σ) be a connected surface such that the intersection Σ h ∩ T is a subset of a hyperplane (or empty) for all T ∈ T h,0 . Let
• Let V h be the space of piecewise linear continuous functions on T h .
In practice, Σ h is constructed by computing an approximation ρ h of the levelset function ρ associated with Σ and then defining Σ h as the zero levelset. Note that K ∈ K h will be a triangle or a planar quadrilateral.
3 Stabilized Approximation of the Mean Curvature Vector
The Continuous Mean Curvature Vector
The tangential gradient ∇ Σ is defined by ∇ Σ = P Σ ∇, where ∇ is the R 3 gradient and P Σ (x) = I − n(x) ⊗ n(x) is the projection onto the tangent plane T Σ (x) of Σ at x.
The mean curvature vector H : Σ → R 3 is defined by
where x Σ : Σ x → x ∈ R 3 is the coordinate map or embedding of Σ into R 3 and ∆ Σ = ∇ Σ · ∇ Σ is the Laplace-Beltrami operator. Note that for a general vector field v :
and for tangent vector fields v we have have the identity
The relation between the mean curvature vector and mean curvature is given by the identity
where κ 1 and κ 2 are the two principal curvatures and (κ 1 + κ 2 )/2 is the mean curvature, see [1] . The mean curvature vector satisfies the following weak problem: find
The forms are defined by
where ∇ Σ w = w ⊗ ∇ Σ for a vector valued function w and (v, w) ω = ω vwdx is the L 2 -inner product on the set ω with associated norm v
, see [14] . We also use the standard notation W
Since the surface is smooth we have the bound
for any choice of s and we will, in particular, use this bound in our analysis with s = 2.
The Stabilized Discrete Mean Curvature Vector
Given the discrete coordinate map x Σ h : Σ h x → x ∈ R 3 we define the stabilized discrete mean curvature vector H h as follows: find
where the forms are defined by
Here τ E h , τ F h ≥ 0 are parameters, E h = {E} is the set of edges in the partition K h of Σ h , F h = {F } is the set of interior faces in the partition T h . The jump in the tangent gradient at an edge E ∈ E h shared by elements
where u i = u| K i , i = 1, 2, and t E,K i denotes the unit vector orthogonal to E, tangent and exterior to K i , i = 1, 2. In the same way the jump at a face F ∈ F h shared by elements T 1 and T 2 is defined by
where n F,T i is the unit normal to the face F exterior to element T i , i = 1, 2.
is crucial in the cut case and enables us to essentially handle the cut case in the same way as the meshed case. It also stabilizes the possibly ill conditioned linear system of equations, see [3] . In Theorem 4.2 we will show that in the cut case it is indeed possible to take τ E h = 0 and thus only add J F h (·, ·). It is however convenient for the analysis to first include both the edge and face stabilization terms and then prove that only the face stabilization term is enough.
Error Estimates
Extension and Lifting of Functions
Extension. Using the nearest point projection mapping any function v on Σ can be extended to U δ 0 (Σ) using the pull back
Since the surface is smooth we have the stability estimate
for s > 0. We will, in particular, use s = 2 in our forthcoming estimates. Using the chain rule we obtain
Here we used the identity Dp = P Σ − ρH, where H is the Hessian of the distance function
where κ i are the principal curvatures with corresponding principal curvature vectors a i , see [9] Lemma 14.7. Thus, using the bound (2.1) for δ 0 we obtain
Starting from (4.3) we obtain
where we used the fact that P Σ − ρH = P Σ (P Σ − ρH), which follows from (4.4). For each element K ⊂ Σ h and x ∈ K the resulting mapping
is invertible and we have the identity
Lifting. The lifting w l of a function w defined on Σ h to Σ is defined as the push forward
Using the chain rule we obtain
and thus
where B is defined in (4.7). We obtain
Estimates Related to B. In order to prepare for the proof of the error estimate we collect some estimates related to B. First
Secondly we note that the surface measure dΣ = |B|dΣ h , where |B| is the absolute value of the determinant of [Bξ 1 Bξ 2 n e ] and {ξ 1 , ξ 2 } is an orthonormal basis in T x (K), and we have the following estimates
see [3] and [5] . In view of these bounds we note that we have the following equivalences
Error Estimate for the Discrete Embedding
Here we formulate an estimate of the difference between the embeddings of the discrete and continuous surfaces.
Lemma 4.1 If the surface approximation assumptions (2.2) and (2.3) hold, then
Proof. For the first term we have
where we used (2.2). For the second term we have the identities
where we used (2.2), (2.3), and (4.5).
Some Inequalities
In this section we formulate some useful inequalities. First a trace inequality that allows passage from an edge E ∈ E h to a tetrahedron T ∈ T h for cut surfaces. Then we prove two inverse inequalities. For convenience we introduce the semi norms
Lemma 4.2 In the cut case we have the following trace inequality
where E ∈ E h , T ∈ T h , and E ⊂ ∂T ∩ Σ h .
Proof. We first apply the trace inequality
see Lemma 4.2 in [11] , to pass from the edge E to the face
Then we apply a standard trace inequality to pass from F to an element T = T (F ) ∈ T h to which F is a face. More precisely
where ∇ F = P F ∇, with P F = I − n F ⊗ n F the constant projection onto the tangent plane of the face F , is the tangent gradient to the face K. We also used the estimates
Lemma 4.3 The following inverse inequality holds
where |||v||| 2 F h is present only in the cut case.
Proof. In the meshed case we have
where we used a standard trace inequality followed by an inverse estimate. In the cut case we use Lemma 4.2 to get
where we used standard inverse inequalities and at last Lemma 4.4 in [3] .
Lemma 4.4
The following inverse inequality holds
where |||v|||
is present only in the cut case.
Proof. In the meshed case this estimate follows directly from a standard elementwise inverse inequality. In the cut case we use the fact that (
where T (K) ∈ T h is the element such that T ∩ Σ h = K and we used standard inverse inequalities and at last Lemma 4.4 in [3] .
Estimates for the Edge Stabilization Term
In this section we prove two estimates for the edge stabilization term. The first shows that the edge stabilization term acting on an extension of a smooth function is O(h 2 ). The second lemma is used in the proof of Theorem 4.2 where we show that it is indeed enough to use the simplified stabilization 
We then have
where we used (4.42) and the bound v
, which follows from the stability (4.2) of extensions. Thus we obtain
since card(E h ) h −2 both for meshed and cut surfaces.
Lemma 4.6 If the surface approximation assumptions (2.2) and (2.3) hold, then the following bound holds for cut surfaces
Proof. Consider the contribution to J E h (v, v) from an edge E ∈ E h . We employ the same notation as in the proof of Lemma 4.5. Adding and subtracting t e , using some basic estimates, the trace inequality in Lemma 4.2, the estimate (4.42) for the tangent error, and finally an inverse estimate give
Here F is the face in F h with E = F ∩ Σ h and T 1 , T 2 are the elements in T h that share the face F . Using this estimate we get
where we used Lemma 4.4 in [3] in the last estimate.
Stability Estimate for the Discrete Mean Curvature Vector
In this section our main result is a stability estimate for the discrete mean curvature vector.
Lemma 4.7
If the surface approximation assumptions (2.2) and (2.3) hold and the stabilization parameters satisfy 0 ≤ τ E h and 0 < τ F h (in the cut case), then the discrete mean curvature vector H h defined by (3.6) satisfies the stability estimate
Remark 4.1 We note that in the meshed case the edge stabilization term is not necessary to prove L 2 (Σ h ) stability of H h but with τ E h > 0 we get stability in a stronger norm. However, in the cut case τ F h must be strictly positive to establish the stability estimate.
Proof. Setting v = H h in (3.6) we obtain
Term I. Using the geometry approximation Lemma 4.1 followed by the inverse inequality in Lemma 4.4 we obtain
for any δ > 0.
Term II. Element wise partial integration gives
Here the first term on the right hand side of (4.67) was estimated using Lemma 4.5 as follows
and the second term was estimated using Lemma 4.3. Combining the bounds (4.63) and (4.68) of I and II we obtain
The desired bound is finally obtained by, using the fact that τ F h > 0, in the cut case and choosing δ small enough followed by a kick back argument.
Interpolation
The construction of the interpolation operator is different in the meshed and cut cases but we use the same notation for the operator to get a unified treatment.
Meshed Case: Let π h : C(Σ) → V h be defined by
where π L,K h is the Lagrange interpolation operator defined on Σ h . We have the elementwise error estimate
where π L,T h is the Lagrange interpolation operator defined on the three dimensional mesh T h . We have the elementwise error estimates
and
For convenience we shall use the simplified notation π h u = π h u e ∈ V h and π
In both cases we have the following interpolation error estimate
See [3] and [5] for a proof of (4.76). We will also need the following interpolation error estimate for the terms emanating from the stabilization.
Lemma 4.8 If the surface approximation assumptions (2.2) and (2.3) hold, then the following interpolation error estimates hold
Proof. Estimate (4.77). In the meshed case applying a standard trace inequality elementwise followed by the interpolation estimate (4.72) yields
where we used the fact that card(K h ) h −2 and the stability (4.2) of the extension u e . In the cut case, we first apply the trace inequality (4.25) to pass from the edge E to the face F = F (E) such that F ∩ Σ h = E. Next we note that second order derivatives of π h u e vanish, then we use a trace inequality to pass from the faces to the tetrahedra and use the interpolation estimate (4.74) as follows
Here we used the fact that card(F h ) ∼ card(T h ) h −2 and the stability (4.2) of the extension u e . Estimate (4.78). Using a standard trace inequality followed by the interpolation estimate (4.74) we obtain
where again we used the fact that card(T h ) h −2 and the stability (4.2) of the extension u e .
Error Estimate for the Discrete Mean Curvature Vector
We are now ready to state and prove our main result.
Theorem 4.1 Let Σ be a smooth surface, Σ h an approximate surface that is either meshed or cut and satisfies (2.2) and (2.3), then the discrete mean curvature vector H h , defined
Term II. Changing domain of integration from Σ h to Σ and using Cauchy-Schwarz we obtain
Term II 1 . Adding and subtracting x l Σ h , using the triangle inequality, and the equivalence of norms (4.17), we obtain
Here we used the estimate
which follows from the bounds (4.14) and (4.15) for B and its determinant. We also used the estimate
where we used (4.17) and the first term was estimated using Lemma 4. 
We proceed with estimates of the terms III 1 and III 2 .
Term III 1 . Changing domain of integration from Σ h to Σ in the second term and using the bound (4.112) we get
Next continuing with the estimate, we add and subtract an interpolant and use the interpolation error estimate (4.76) and the inverse inequality in Lemma 4.4 as follows
(4.124)
where we used the interpolation error estimates (4.76) and (4.78). Term III 2 . Element wise partial integration gives
is the tangent Laplacian on the flat element K ∈ K h and therefore ∆ K H h = 0 since H h is linear on K. The first term on the right hand side of (4.130) is estimated using Lemma 4.1 as follows
The second term is estimated using Lemma 4.1 as follows
since card(E h ) h −2 in both the meshed and cut case. Finally, the third term is estimated using Lemma 4.5 as follows
Thus we arrive at the bound
Combining the estimates (4.127) and (4.134) of Terms III 1 and III 2 we obtain
for any 0 < δ 1.
Term IV . Changing domain of integration from Σ to Σ h we obtain
where at last we used the following L ∞ stability of the interpolation operator
which holds since π h is a Lagrange interpolation operator and Σ h ⊂ U δ 0 (Σ) in the meshed case and ∪ T ∈T h T ⊂ U δ 0 (Σ) in the cut case, followed by the stability (4.55) of the discrete curvature vector.
Term V . Adding and subtracting H e inside the jump we obtain
where we used the fact that J F h (H h , H e ) = 0, since [n F · ∇H e ] = 0, the interpolation error estimates (4.77) and (4.78), and Lemma 4.5 to estimate |||H e ||| E h .
where r is the radius of the tube bent into a torus and R is the distance from the center line of the tube to the center of the torus. The mean curvature is then given by H = − R + 2r cos ϕ 2r(R + r cos ϕ) and we consider R = 1, r = 1/2, in our example.
Our numerical results show that convergence of the mean curvature vector is strongly dependent on stabilization. We compare three different meshes on the torus, one sequence of structured meshes, Figure 1 , one where the diagonals are randomly flipped in the structured mesh, Figure 2 , and one where the nodes have been moved randomly, creating an unstructured mesh, Figure 3 .
In Figure 4 we show the discrete convergence π h H − H h Σ h , where π h H is the nodal interpolant, for sequences of meshes of the type just described. The stabilization parameter was chosen as τ E h = 1/10 and the mesh size parameter h = N −1/2 where N denotes the number of nodes in the mesh. We note that the structured mesh does not need stabilization whereas stability is lost even for the minor modification of flipping diagonals. In Figure 5 -6 we show iso-plots of the solution for the structured mesh with flipped diagonals with and without stabilization. The instability of the computed curvature without added stabilization is clearly visible. We also note that the convergence rate is higher than predicted by the theory. This may expected in view of the fact that we have super convergence of second order on the structured mesh and then loss of order is dependent on the perturbations of the mesh.
Cut Level Set Surfaces
We consider the same example as above. A structured mesh T h , consisting of tetrahedra, on the domain [−1.6, where we again choose R = 1 and r = 1/2. We construct an approximate distance function ρ h using the nodal interpolant π h ρ on the background mesh and let Σ h be the zero levelset of ρ h . We compare our approximation of the mean curvature vector with the exact mean curvature vector H e = − (∆ρ) ∇ρ. Also in this case the convergence of the mean curvature vector is strongly dependent upon stabilization. In our example the stabilization parameters were chosen as τ E h = 0 and τ F h = 1/10. Recall that for a cut surface we may take τ E h = 0, see Theorem 4.2. The resulting surface mesh K h on Σ h is shown in Figure 7 and in Figure 8 we show the error in the L 2 -norm. We note that we also in this case obtain higher order convergence rate (approximately 1.3) than predicted by the theory. 
